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Abstract—Closed form analytical expressions for displacements and
stresses at any point of a homogeneous, orthotropic, perfectly elastic
half-space with rigid boundary caused by two-dimensional seismic
sources are obtained. The method consists of first finding the integral
expressions for a homogeneous, orthotropic, perfectly elastic half-
space from the corresponding expressions for an unbounded medium
by applying suitable boundary conditions at the interface and then
evaluating the integrals analytically.
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1. INTRODUCTION

Generally, earthquakes are along geological faults which are
surfaces of material discontinuity in the earth. To study the
effect of faulting at a material discontinuity, many
investigators considered the two half-space model. Steketee
(1958a, b) [1-2] applied the elasticity theory of dislocations.
Steketee dealt with a semi-infinite, non-gravitating, isotropic
and homogenous medium. Homogeneity means that the
medium is uniform throughout, whereas isotropy specifies that
the elastic properties of the medium are independent of
direction. Maruyama (1966) [6] calculated all sets of Green’s
function for obtaining displacements and stresses around faults
in a half space. Freund and Barnett (1971) [3] obtained two
dimensional surface deformation due to dip-slip faulting in a
uniform half-space, using the theory of analytic functions of a
complex variable. Singh and Garg (1986) [11] obtained the
integral expressions for the Airy stress function in an
unbounded medium due to various two-dimensional seismic
sources. Singh et. al (1991) [12] followed a similar procedure
to obtain closed form analytical expression for the
displacements and stresses at any point of either of two
homogenous, isotropic, perfectly elastic half-spaces in welded
contact due to two-dimensional sources.

Using the concept of orthotropic media, Singh (1986) [10],
Garg and Singh (1987) [4], Pan (1989a) [7] studied the static
deformation of a transversely isotropic multilayered half-space
by surface loads. The problem of the static deformation of a
transversely isotropic multilayered half-space by buried
sources has been discussed by Pan (1989b) [8]. Static
deformation of an orthotropic multilayered elastic half-space
by two-dimensional surface loads has been investigated by
Garg et al. (1991) [5]. Rani et al. (1991) [9] obtained the
displacements and stresses at any point of a uniform half-
space due to two-dimensional buried sources. Rani et al
(2009) [13]obtained the closed-form expressions for the elastic
residual field caused by a long dip-slip fault of finite width
located in an isotropic half-space any point isotropic half-
space in welded contact with orthotropic half-space. Godara et
al. (2014) [16] derived the results for stresses and
displacements due to two-dimensional seismic sources
embedded in an isotropic half-space in smooth contact with an
orthotropic half-space. Godara et al. (2014) [19] give the
results for static deformation due to a long tensile fault of
finite width in an isotropic half-space welded with an
orthotropic half-space.

Singh et al. (2011) [14] obtained analytical expressions for
stresses at an arbitrary point of homogenous, isotropic
perfectly elastic half-space with rigid boundary caused by a
long tensile fault of finite width. Malik et al. (2012,13),[15,
18] obtained the closed-form expressions for displacement and
stress field for a uniform half-space with rigid boundary.
Sahrawat et al. (2014) [19], obtained analytical expressions for
stresses and displacements at an arbitrary point of
homogenous, isotropic perfectly elastic half-space with rigid
boundary caused by a long dip-slip fault of finite width. There
is no literature for deformation of orthotropic half-space with
rigid boundary and also our Earth’s upper part is made up of
rigid materials, so we consider a model that consists of a
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dislocation in a homogeneous, orthotropic, perfectly elastic
half-space in contact with a rigid half-space. This model is
useful when the medium on the other side of the material
discontinuity is very hard. We study the static deformation of a
homogeneous, orthotropic, perfectly elastic half-space with
rigid boundary caused by two-dimensional seismic sources.

2. THEORY

Let the Cartesian co-ordinates be denoted by (x,y,z) =
(X4, X5, X3) with z-axis vertically upwards. Consider an

orthotropic elastic medium, with co-ordinate planes coinciding
with the axis of symmetry and one plane of symmetry being
horizontal, the stress-strain relation in matrix form is

[pn] €11 C12 C13 0 0 O €11
| P22 | Ci2 Cp (23 0 0 0 €22
|pss| _[€13 €23 €33 0O 0 O €33 1
[P2317] 0 0 o cae 0 0 []2ey3 @)
lP31J 0 0 O 0 c55 0 |]2e3
P12 0 0 O 0 0 cgell2eq,

where, p; are the components of stress-tensor, e; are the
components of strain-tensor, and c;; are elastic constants of the
medium.

A transversely isotropic elastic medium, with z-axis
coinciding with the axis of symmetry, is a particular case of an
orthotropic elastic medium for which Cy2 = Cqq, C23 =

1
€13,Cs5 = Ca4, Co6 = 5(011 —¢12)

and the number of independent elastic constants reduces from
nine to five. When the medium is isotropic

€11 = Cpp =33 = A+ 2y,

C1z = C13 = €23 = A, C4q = C55 = Co = 1
where, A and u are the Lame’s constants.

We consider a two dimensional approximation in which
displacement component U, U,,Us are independent of x so
that d/dx = 0. Under this assumption the plane strain
problem (U; =0) and anti-strain problem (U, =0 and

U3 =0) are decoupled and therefore, can be solved

separately. The plane strain problem for an orthotropic
medium can be solved in terms of the Airy
stress function U such that Garg et al (1991)

92U 92U
P22 = F'ng = W

D23 = — 9ydz 2)
92 92 ) 92 92
2 I - 4 =
(a ay2+azz><b ay2+azz>u 0(3)

2
C92C33—C53—2C3C. c
a? p?2 = (ca2c33—ch3—2c23 44),a2b2 22 @)
€33C44 33

Let there be a line source parallel to the x-axis passing through
the point (0, 0, h). As shown by Singh and Garg (1986) [11],
the Airy stress function U, for a line source parallel to the x-
axis passing through the point (0, 0, h) in an unbounded
orthotropic medium can be expressed in the form.

U() = fow[(LOeaklz_hl + Moebklz_hl) sin ky +
AVeakz/i+ 0 bkz/icos kyi—1dk, (5)

where, Ly, My, Py, Q, are the source co-efficients for the
source lying in the orthotropic half-space.

For a line source parallel to the x-axis acting at the point (0, 0,
h) of medium (z = 0) the Airy stress function in orthotropic
half-space is a solution of Eq.(3) and may be taken to the form
(assuming a # b)

o0

U= U, + f [(Le®™* + MeP%) sin ky

0

+ (Pe®*? + Qeb**) cos kylk~'dk, (6)
The constants L, M, P,Q etc. are to be determined from the
boundary conditions.

The displacements for the orthotropic medium are given by
Garg et al., (1991) [5]
1

U; = ZJ‘(C33P22 — C3p33)dY,

1
uz = ZI(C22P33 — Cy3P22)dz, @)

where,
A= cppc33 — ¢3 (8)

From equations (2), (6), (7), the stresses and the displacements
are found to be

Doy = f [(aZLOeaklz—hl + bZMoebklz_hl 4 aZLeakz
0
+ b2Meb**) sin ky
+ (aZP()eaklz—hl + bZQoebklz—hl
+ q?Petkz
+ b2QeP*?) cos ky|k dk (9)
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D23 = f [($((1L0eak|z_hl + bMoebklz_hl) + aLeakZ
0

+ bMeP%) cos ky
+ (£ (aPye*1z=hl + pQyeP*lz=hly + qpetkz
+ bQe’**) sinky|k dk (10)

D3z = _f [(Loeaklz—hl + Moebklz—hl + Leakz
0

+ MeP*?) sin ky
+ (Poeaklz—hl + Qoebklz—hl + Peakz
+ Qe"*) cosky|k dk (11)

U, = f [—(T'lLOeaklz_hl + TzMOebklz_hl + TlLeakZ
0
+ r,MeP*?) cos ky
+ (Tlpoeaklz_hl + 1p) Qoebklz_hl + TlPe“kZ
+1,Q0e") sinky| dk (12)

Uz = —f [(i(sll/oeaklz_hl + SzMoebklz_hl) + SlLeakZ
0

+ s,Meb** ) sin ky
+ (i(slpoeaklz_hl + SzQOebklz_hl)
+ 5, Pe** + 5,Qe"*%) cos ky| dk (13)

Where,
C33a2 + C3 C33b2 + C3
n=—=r,=—=
! A z A
C23a + Cp C3b +
1= gan T Ty

A= (cppc33 — ¢33), (14)

It is noticed from appendix for source coefficients that the
coefficients Ly, My, Py, Qo might have different values for
z>hand z<h; let L-,M~,P~,and Q~ be the values of
Lo, M,, Py, and Q, respectively, valid for z < h.

We assume that the surface of the half-space z = 0 is with
rigid boundary. Therefore, the boundary conditions are

u, =0anduz;=0atz=0 (15)

Using equations (12), (13) and (15), we will get the following
system of equations:

rL e*" + r,M=eP h + L + ,M =0,
—s;L7e" — s,M~eb*h + 5L +s,M =0,

rnP e + r,Q e’ " + P +r,Q = 0,
—s,P7e%" —5,Q=e’*" + 5P +5,Q = 0, (16)
Solving the system for L, M, P and Q, we get

L=t L e%h + t;M~ekh,
M = —t, L e%h — t; M~ebkh,
P = t1P_eakh + th_ebkh,

Q = —t,P e —t,Q ek 17)
where,
Sy + N 27"151
e 351 — 118y’ 2 35) — 1187
27"252
S1 — NS

Putting the values of the constants L, M;, P;, etc. in Eqgs. (10)
and (11), we get the integral expressions for the Airy stress
function in the two media. These integrals can be evaluated
analytically using the standard integrals given in appendix.
The displacements and stresses can be obtained similarly.
Using the notation (z # h).

R? =y? +a’(z—h)%, R? = y? + b%(z — h)?,
St =y?+a%(z+h)?,52 =y? +a*(z+h)?,
T = y? + (az + bh)?, T} = y* + (bz + ah)?,  (19)
The final results are given below.
y

_ y
am) * Motan™ (<)
2z — hl) +Motan =
—PyInR; — QyInR,

+ L [t1 tan™1 <—

U=Lytan™! (—

)

—tytan™! (— (bzi—ah))]

+M~ [—t1 tan~! (— b(++h)) +tytan” (_ (aZ-}II-—bh))]

- P_[tl ln51 - tz lnTz]
+ Q_[t1 lnSZ — 13 In Tl] (20)

ylz = hl
R

ylz=h|
R{

— 2b*M,

P2 = —2a’ly

a® [2a®(z — .rr)_:
R: R;
1 4 b2 [2b%(z
+Qg Ri Ri
. ylz +h)
—21- [:zarftls_, :
v(bz + ah)
T+
yi{az + bh)
T}

+ Py

h)?
1

b2t,

2M- [n"r3

— b3t

yiz+ h)
52

L p a’t, (ZG:(Z + h)? 1‘
s:\ s; )

b3e, :Z(bz + (rh‘}: .
()

_[a%t; 2{(:1 + bhh)? A
v |5 (T 1)

1

Journal of Basic and Applied Engineering Research
Print ISSN: 2350-0077; Online ISSN: 2350-0255; Volume 1, Number 14; October-December 2014



82

Yogita Godara, Ravinder Kumar and Mahabir Singh

bty (26%(z + h) '
- ql( { :”) —1)](21')
52 53 '

- a [2a®(z — h)?
Paz = an Rf

] _ [2!:2{2 —h)? ]
-1 FMy— |—————-1
RZ RZ

Iz—hl
T 245,

1

T 2070, v|z — hl

t, (2a2(z + h)?
+L_[aq1( a (22 1) —l)
Ly 59
bt, (E(bz-l-ah)?‘ 1)_

T22 ng

at, {2(az + bh)? _
e
T3 T

bt, (2b*(z + h)® ]
s sz !
y(z +h)
Sy
v(bz + ah)
T

— 2P |a®t,

— bt,

; b
—2Q° [ata T £azt )
I'-lr|1

¥(z+h) )
- bzrl? (22)
2

vz : | +2bM, vlz = h|
H+
1 i
1 [2a®(z - h)?
R{ R}
20%(z — )*®
1|-eg T
_ iz —h]-
2L Im‘l 53
yibz + ah)
S ——
z T2.1.

P2z = 2aly

—fo

yiaz + bh)
—2M ™ |tg———
I oo

yiz + k)
_‘bn

2a*(z + h)
()

iz (E{bz +ah)® l)l
F AN TEE

b L]

T:

_@l

2[r*z+ -'rJ:-l l}

{Eb L+.'|1- 1') 29)
52 52 | -
L alz — k| blz —n ¥
ki —.|-_ . — A -—.—i"] o=
" Rf " R} Ri
.
+ Qs
- alz + k)
I —
+ 113 52
{hz + ah)
ly——F—
.II-
(az + bh)
+ l"‘;l T - =
[ b Tl-
a:z-+h:-]
_'I-.'tl—"'
3

¥ W
+ P~ "y — — rala

T

.
+@ [?1?3 .]..—

v
it 5] (24)
_ y y alz — h|
Uy = +5,.Lg =5 R: + s;,My = R: slPon
_ blz — h|
+SonT

2

_ y Y
—L |:Slt15_2_52t2 F]
1 2

- y
-M |:Slt3T2_SZt152
1

_P_

— 531,

_Q_

(bz + ah)]

— 53ty

_b(z +h)

y

(]
—

alz+h)

S1ty 52

T3
. (az + bh)
Sils le

We have derived the generalised expressions for stresses and
displacements for an orthotropic half-space with rigid
boundary due to any seismic- source lying in it. Knowing the

seismic co-efficients ( for the
half-space) Lg, My, Py, @y we
displacements for orthotropic

source lying in the orthotropic
can find out the stresses and
half-space and can explore the

results for various half-spaces numerically and graphically.
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